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^ . Abstract 

1^ ' It is proved that if /' G , then 
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00 : 1 Introduction 
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^ ■ Let A be the class of all functions analytic in the unit disc D = {C, : |C| < 1} , 

^ . '"^(C) " normalized Lebesgue measure on the circle T = {(^ : \C\ = 1} • Let 
00 ! (1 < P < oo) is the space of all functions analytic in D and satisfying 

O ■ 

X: 11/11^,= sup ( f IfirOl'dmio) '<oo, 1 < p < oo, 

. 0< r< 1 \Jt J 



= sup |/(z)|<oo, p = oo. 



For / G v4, f e it follows the Hardy inequality [1, 104-105]: 



k>l 



In this paper we shall prove an inequality - integrated analogue of the 
Hardy inequality and as the application we shall give simplified proof of the 
theorem of S. A. Vinogradov for the bounded Toeplitz operators on H°° [2]. 
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2 Main results 



Theorem 1. If f e A and f e then 

\f{Cv)-f(Cv) 



dm{C) < 7r||/'||^i , ryeT. 



Ii-Cl 

Proof. Let f'eH\ rj e T. Then 



'-dm{C) < hm / ! 

T |1 - CI r->l-0 Jt |1 - CI 



dm{C) . (I) 



Since /' e H^, integrating in parts and applying the Cauchy theorem, we 
obtain 

2^ It fiO ln{ l-^-z)di f'iO ln{ I - h )di = 

^ /'(O ln{ 1 - + ^ /'(O /n( ^ - z )di - ^ /'(O /n^dC = 

2^/t/(0( - + I = /(0)-/(.) ^ 

/W=/(0)-^^/'(0 inll-e^l^dC. 



Using last equahty for f{zrf) : 



we shall have 
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(l-r)^ + r|l-eCl' 
a-r)2 + r|l-ecf 



dm(0 < 
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Further from (1) follows 



\f{Cri)-f{Cri)\ 



li-CI 

< ||/'||^isup<'2 



CI 



In 



dm{^)dm{Q < 
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For end the proof is necessary only to estimate the integral 
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We have 
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dt 
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dt 
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dy^2 

y 
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1+ X 



1 — X 



X TT J 




1 + a;\ 



1 — X 



— TT. 



Application of Theorem 1. 

For f e we denote by Tf the Toeplitz operator on H°° , defined by 



Tfh^ 



T 



In [2] S. A. Vinogradov proves that if f & , then the Toeplitz operator 
Tf is bounded on H°° . 
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As the application of Theorem 1 we shall give a simplified proof of the 
theorem of S. A. Vinogradov and estimation for ||T/||^oo ■ 
Theorem 2. If f e A and f e then 

\\Tf\\H^<\\f\\H^ + 7r\\r\\^,. 

Proof. 



7llffc.=sup<|^lim^ 



sup < lim 

' r^l-O 



/(OMC) 

T 1 — Ci^r) 

fiCvMCv) 



dm{Q 
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T 1-rC 



dm{C) 
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r^l-O 



fiCv) - fiCv) 



h{Cv)dm{C) 



T 1-rC 
We used, that g{z) = f(zr]) e H°° and 



■.rieT, 



<1 + 



ffoo ■ 



It 1 - rC 
Further from Theorem 1 follows 



< 
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\fiCv)-fiCv)\ 
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dm{<;) 



■.rieT} + 



< ^ll/'ll^l + ll/Lo 



References 

[1] K. Hoffman. Banach spaces of analytic functions. Prentice Hall, Engle- 
wood Cliffs, 1962. 

[2] S. A. Vinogradov. Properties of multipliers of Cauchy-Stieltjes integrals 
and some factorization problems for analytic functions. (Russian). Proc. 
Seventh Winter School, Drogobych, 1974, Theory of functions and func- 
tional analysis (Russian), pp. 5-39. Central Ekonom. - Mat. Inst. Akad. 
Nauk SSSR, Moscow, 1976. 



